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Two T1-topologies on a given set are called transversal if their union is a subbase for the
discrete topology, and T1-independent if their intersection is the coﬁnite topology. We ﬁnd
new classes of spaces that admit a compact transversal and/or T1-independent topology
and present several examples and counterexamples. In Corollary 3.3 we answer a ques-
tion posed in [I. Juhász, M.G. Tkachenko, V.V. Tkachuk, R.G. Wilson, Self-transversal spaces
and their discrete subspaces, Rocky Mountain J. Math. 35 (4) (2005) 1157–1172] in the
negative.
The Alexandroff duplicate of a topological space plays an important role in our consid-
erations. It proved to be especially useful when constructing topologies which are both
transversal to and T1-independent of the topology of a given space.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
All spaces in this paper are assumed to satisfy the T1 separation axiom. Topologies τ and σ on a given set X are called
transversal if the topology τ ∨ σ with the subbase τ ∪ σ is discrete, and T1-independent if the intersection τ ∧ σ = τ ∩ σ
is the coﬁnite topology {∅} ∪ {X \ A: |A| < ω} on X . Birkhoff noted in [1] that the collection L1(X) of all T1-topologies on
a given set X with the operations ∨ and ∧ is a complete lattice in which the coﬁnite topology is the smallest element and
the discrete topology is the greatest element (in fact, Birkhoff did a similar conclusion for the lattice L(X) of all topologies
on X ). This gave rise to the study of complementarity problems in the lattices L(X) and L1(X), for distinct sets X .
Since the study of the lattice L(X) is out of our scope, we just mention the articles [7,9,13], where the reader interested
in the general case can ﬁnd the corresponding information.
If topologies τ and σ are both transversal and T1-independent, they are called T1-complementary. A.K. Steiner and
E.F. Steiner proved in [14] that a countable inﬁnite set does not admit any pair of T1-complementary Hausdorff topologies
(in fact, the conclusion remains valid for T1-independent Hausdorff topologies, see [12, Proposition 3.2]), while Watson
constructed in [17] a pair of T1-complementary Tychonoff homeomorphic topologies on a set of cardinality (2ω)+ .
A topology τ on X is called self T1-independent (self-transversal) if there exists a bijection h : X → X such that the
topologies h−1(τ ) = {h−1(U ): U ∈ τ } and τ are T1-independent (respectively, transversal). If one can ﬁnd a bijection h of X
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is called self T1-complementary. Hence Watson’s space in [17] is self T1-complementary.
Shakhmatov and Tkachenko presented in [10] an example of a self T1-complementary compact Hausdorff space of car-
dinality 2c , where c = 2ω . Their space was the Alexandroff duplicate of ω∗ = βω \ ω, the remainder of the Stone–Cˇech
compactiﬁcation of the countable discrete set ω. It was also shown in [10] that under additional set-theoretic assumptions,
there exists a self T1-complementary compact Hausdorff space of cardinality c.
In subsequent articles [6,12,15] much work has been done to clarify the properties of spaces admitting a (self) transversal
and/or T1-independent topology. For example, it follows from [12, Theorem 2.11] that every self-transversal space X satisﬁes
nw(X) = |X |, while every space Y containing a closed discrete subset D with |D| = |Y | is self-transversal [6, Proposition 2.2].
Here we develop further the methods from [6,10,12] and complement or reﬁne several results obtained earlier. In
Section 2 we consider (self) T1-complementary spaces. Theorem 2.1 gives conditions under which a space X with topol-
ogy τ admits a big, at least inﬁnite, family F of mutually transversal locally compact topologies such that every σ ∈ F is
T1-complementary to τ . According to Corollary 2.2, the Alexandroff duplicate A(ω∗) of ω∗ = βω \ω admits such a family F
with |F| = 2c . In Corollary 2.6 we deduce that if X is an inﬁnite Hausdorff space of cardinality κ = κω and all inﬁnite closed
subsets of X have the same cardinality κ , then X admits a compact Hausdorff topology T1-complementary to the original
topology of X .
It is natural to ask whether the elements of the family F in Theorem 2.1 can be made mutually T1-complementary, at
least for the “model” space A(ω∗). In fact, since the space A(ω∗) is a T1-complement of itself, it seems even more natural
to try to ﬁnd a big family F of mutually T1-complementary topologies on the set A(ω∗), with each σ ∈ F homeomorphic to
the original topology of A(ω∗). In Theorem 2.7 we present some obstacles for the existence of such a family F in general,
and deduce in Corollary 2.8 that the maximal size of such an F is 2 for A(ω∗).
The method of construction of self T1-complementary spaces developed in [10] applies only to spaces in which all
inﬁnite closed subsets have big cardinality, at least continuum, so these spaces must be countably compact. This makes it
plausible to conjecture that every (regular or Tychonoff) self T1-complementary space is countably compact and/or does
not contain nontrivial convergent sequences. In Corollary 2.18 we prove that the topological sum of A(ω∗) and an arbitrary
T1-space Y with |Y | c is self T1-complementary. Hence, taking the real line R in place of Y , we obtain a locally compact,
normal, self T1-complementary space A(ω∗) ⊕R which contains nontrivial convergent sequences and fails to be countably
compact and even pseudocompact.
It was mentioned above that every space X containing a closed discrete subset D with |D| = |X | is self-transversal
(see [6, Proposition 2.2]). This motivated the authors of [6] to ask in Problem 3.4 whether every compact space X with a
discrete subset D satisfying |D| = |X | must be self-transversal. In Section 3 we answer this question in the negative. Our
example is the one-point compactiﬁcation of the product K × E , where K is any compact metrizable space without isolated
points and E is a discrete space of cardinality c (see Corollaries 3.2 and 3.3).
In Theorems 3.4 and 3.5 we present new relations between cardinal functions on a set endowed with two (compact)
transversal topologies.
Countable regular spaces admitting a transversal topology homeomorphic to the topology of the rationals are studied in
Section 4. We prove in Theorem 4.2 that, among countable inﬁnite regular spaces, there exists a unique one that does not
admit such a topology, namely, the usual compact convergent sequence.
1.1. Notation and terminology
Given a space (X, τ ), we shall use the symbol clτ A or clX A to denote the closure of a set A ⊆ X in the space (X, τ ).
We will also use cl A instead of clτ A if this does not lead to ambiguity.
For a space X with topology τ , we deﬁne the Alexandroff duplicate A(X) of X as follows. We ﬁx a bijection ϕ : X → X∗
of X onto a set X∗ such that X ∩ X∗ = ∅ and put A(X) = X ∪ X∗ . For every U ⊆ X , we denote U∗ = ϕ(U ). Then we deﬁne
a topology τ ∗ on A(X) by declaring the family{
A ∪ [(U ∪ U∗) \ B]: U ∈ τ , A, B ⊆ X∗, |B| < ℵ0
}
to be a base for τ ∗ . In this topology, X is a closed subspace of A(X) and X∗ is an open, dense, and discrete subspace
of A(X). The space A(X) is (countably) compact iff X is (countably) compact. It is also known that A(X) is T1, Hausdorff,
regular, Tychonoff, or normal iff X has the corresponding property (see e.g. [3]). Clearly, the deﬁnition of the space A(X)
does not depend on the choice of X∗ and the bijection ϕ , which means that the resulting space A(X) is unique up to
a homeomorphism ﬁxing the points of X .
An F -space is a Tychonoff space in which every cozero set is C∗-embedded. In particular, all countable discrete subsets
of an F -space are C∗-embedded. It is clear that every extremally disconnected regular space is an F -space.
We use c to denote the power of the continuum, so that c = 2ℵ0 .
2. A construction of T1-complementary topologies
Every topology with “many” isolated points is self-transversal. More precisely, if (X, τ ) is an inﬁnite space and the set
Iso(X) = {x ∈ X: {x} ∈ τ}
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our assumptions, there exists a bijection h : X → X such that h(X \ Iso(X)) ⊆ Iso(X). Then the topology σ = {h−1(U ): U ∈ τ }
is transversal to the topology τ since each point of X is isolated either in τ or in σ . Further, for every Hausdorff topology,
there exists a compact Hausdorff transversal topology [12, Theorem 2.2]. Under some additional assumptions one can also
construct T1-complementary topologies on Hausdorff spaces.
Theorem 2.1. Let κ be an inﬁnite cardinal with κω = κ and (X, τ ) a Hausdorff space satisfying |X | = κ . If the set Iso(X) is dense in
(X, τ ) and all inﬁnite closed sets in (X, τ ) are of cardinality κ , then there exists a collection F of cardinality λ = |Iso(X)| consisting
of locally compact Hausdorff topologies on X such that for every σ ∈ F, the topologies σ and τ are T1-complementary, and any two
distinct topologies of F are transversal.
Proof. It follows from κω = κ  ω that κ > ω. Further, the space (X, τ ) is countably compact. This follows immediately
from the assumption that every inﬁnite closed set in (X, τ ) has the cardinality κ > ω.
Clearly, Iso(X) is inﬁnite and the set Y = X \ Iso(X) is of cardinality κ . Indeed, if N ⊆ Iso(X) is inﬁnite and countable,
then the set clτ N is closed and has the cardinality κ . Since the points of Iso(X) are isolated, clτ N \ N ⊆ Y . Therefore
|Y | = κ . Let C be the family of all inﬁnite closed separable subsets of Y . Since |Y | = κ , we see that |C| κω = κ and every
element of C is of cardinality κ . Now we can write C = {Fα: α < κ}. It is clear that λ = |Iso(X)| κ .
We claim that there exists a family {Xα: α < λ} of subsets of Y such that
(1) α < β < λ ⇒ Xα ∩ Xβ = ∅;
(2)
⋃{Xα: α < λ} = Y ;
(3) (∀α < λ) (∀β < κ) (|Xα ∩ Fβ | = κ).
To prove the claim, for all ξ,η < κ we choose
xξ,η ∈ Fξ \ {xσ ,δ: σ  ξ and δ < η}.
Such a choice is possible since |Fξ | = κ for all ξ < κ. Then we have
(ξ,η) = (ξ ′, η′) ⇒ xξ,η = xξ ′,η′ .
We set Gξ = {xξ,η: ξ < η < κ} and then we have Gξ ⊆ Fξ for every ξ < κ . Clearly, the sets Gξ are of cardinality κ and
ξ < ξ ′ < κ ⇒ Gξ ∩ Gξ ′ = ∅.
Now we divide every Gξ into λ-many disjoint pieces of cardinality κ , say Gξ =⋃γ<λ Gξ,γ , where |Gξ,γ | = κ and Gξ,γ ∩
Gξ,γ ′ = ∅ whenever γ < γ ′ < λ. Then it suﬃces to set
Xα =
⋃
{Gξ,α: ξ < κ}
for each α < λ. Clearly, the sets Xα are pairwise disjoint. We can also assume that the sets Xα cover X since otherwise one
can attach the remaining set to X0. Condition (3) follows from the fact that
Gξ,γ ⊆ Fξ ∩ Xγ
and |Gξ,γ | = κ for all ξ < κ and γ < λ.
We set Iso(X) = {xα: α < λ}. We also ﬁx a set Φ ⊆ λλ of cardinality λ of injections with a property that whenever
ϕ,ψ ∈ Φ are different, then ϕ(α) = ψ(α) for all α ∈ λ. To construct the set Φ it suﬃces to consider an arbitrary group
(G,+) of cardinality λ. Then the set Φ = {ha: a ∈ G} ⊆ GG , where ha(x) = a + x for all a, x ∈ G , has the required property.
For every ϕ ∈ Φ we deﬁne a topology σϕ on X by declaring all points of Y to be isolated in σϕ whereas basic neighbor-
hoods of the points xα in σϕ are deﬁned to be of the form
{xα} ∪ (Xϕ(α) \ A),
where A ⊂ Y is a ﬁnite set. In particular, for every α < λ, the point xα compactiﬁes the discrete subspace Xα . Hence, each
space (X, σϕ) is locally compact. Moreover, if ϕ,ψ ∈ Φ are different, then the topology σϕ ∨ σψ is discrete. Indeed, for
every α < κ the sets Xϕ(α) and Xψ(α) are disjoint, so the intersection of any two basic neighborhoods of the point xα in σϕ
and σψ consists of the single point xα .
Let F = {σϕ : ϕ ∈ Φ}. Then |F| = |Φ| = λ and the topology τ ∨ σ is discrete for every σ ∈ F since each point of X is
isolated either in τ or in σ .
To prove that τ ∧σ is the coﬁnite topology for every σ ∈ F, it suﬃces to show that each inﬁnite subset F of X which is
closed both in τ and σ equals X . We claim that F ∩ Y is inﬁnite. Indeed, otherwise F0 = F \ Iso(X) is ﬁnite and F ∩ Iso(X) is
inﬁnite. Take a countable inﬁnite set N ⊆ F ∩ Iso(X). Then the set F0 ∪N is countable and closed in (X, τ ) which contradicts
our assumption that all inﬁnite closed sets in (X, τ ) have the cardinality κ > ℵ0.
Since F ∩ Y is inﬁnite, there exists β < κ such that Fβ ⊆ F . Now, by condition (3), the set F ∩ Xα is of cardinality κ > ℵ0,
for every α < λ. Therefore, from the deﬁnition of the topology σ and the fact that F is closed in (X, σ ) it follows that
xα ∈ F for all α < κ . Then F = X , since Iso(X) is dense in the topology τ . This completes the proof. 
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locally compact Hausdorff topologies such that every σ ∈ F is T1-complementary to the original topology of X and any two distinct
topologies of F are transversal.
Remark 2.3. The topologies σϕ ∈ F constructed in the proof of Theorem 2.1 are locally compact. By a slight modiﬁcation
of our construction one can obtain a compact Hausdorff topology σ on X which is T1-complementary to the original
topology τ of X . To this end it suﬃces to ﬁx a point p ∈ Iso(X) and an enumeration {xα: α < λ} of the set Iso(X) \ {p}.
Basic neighborhoods of the points xα in the topology σ are of the form
{xα} ∪ (Xα \ A),
where A ⊆ Y is ﬁnite, whereas basic σ -neighborhoods of the point p are of the form
{p} ∪
(
X \
(⋃{{xα} ∪ Xα: α ∈ S
}∪ A
))
,
where A ⊆ Y and S ⊆ λ are ﬁnite. Clearly (X, σ ) is a compact Hausdorff space. By the same argument as in the proof of
Theorem 2.1, τ ∧ σ is the coﬁnite topology.
The closure of a countable set in a Hausdorff space has cardinality at most 2c . Hence, Theorem 2.1 and Remark 2.3
suggest the following problem:
Problem 2.4. Is it true that for every cardinal κ  2c , there exists a compact Hausdorff space of cardinality κ which admits
a T1-complementary compact Hausdorff topology?
W.S. Watson constructed in [17] a Tychonoff self T1-complementary space of cardinality c+; that space was not compact.
Shakhmatov and Tkachenko presented in [10] an example of a compact self T1-complementary space X of cardinality 2c;
in fact, X was the Alexandroff duplicate of βω \ ω. It is not clear whether the most important features of both examples
can be combined in a single one:
Problem 2.5. Is it consistent with ZFC that c+ < 2c and there exists a compact Hausdorff self T1-complementary space of
cardinality c+?
It is proved in [12, Proposition 2.7] that the Alexandroff duplicate A(X) is self-transversal for any space X . We comple-
ment this result as follows:
Corollary 2.6. If X is an inﬁnite Hausdorff space such that |X |ω = |X | and all inﬁnite closed sets in X are of cardinality |X |, then
there exists a compact Hausdorff topology σ on the Alexandroff duplicate A(X) which is T1-complementary to the original topology
of A(X).
Proof. Clearly, the set X∗ is dense in A(X) and consists of isolated points, while X and A(X) are countably compact. If a set
F ⊆ X∗ is inﬁnite, then the set of accumulation points of F is also inﬁnite and lies in X . Since all inﬁnite closed sets in X
are of cardinality κ , the closure of F in A(X) has the cardinality κ . Now the required conclusion follows from Theorem 2.1
and Remark 2.3. 
We show in the next theorem that under natural requirements, any family F of mutually T1-complementary topologies
on a space X with each σ ∈ F homeomorphic to the original topology of X , has at most two elements. It is worth men-
tioning that our argument depends on Theorem 3.4 from the next section; however, the proof of Theorem 3.4 makes no
recourse to any previous result at all.
Theorem 2.7. Let X be a space with nw(X ′) < |X |, where X ′ = X \ Iso(X), and τ be the topology of X . Then every family F of mutually
T1-complementary topologies on X, all homeomorphic to τ , has at most two elements.
Proof. We can assume without loss of generality that the family F contains at least two elements. Then the space X
is inﬁnite—otherwise any T1-topology on X is discrete and, hence, |F| = 1. Since every σ ∈ F is homeomorphic to the
topology τ of X , it has the form
σ = f (τ ) = { f (U ): U ∈ τ},
where f is a bijection of X onto itself. Hence we can assume that τ ∈ F. We claim that if σ = τ , then the bijection f
satisﬁes f (Iso(X)) ⊆ X ′ and | f (X ′) ∩ X ′| < |X ′|.
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thus contradicting the fact that τ and σ are T1-independent. This proves that f (Iso(X)) ⊆ X ′ . Since f is a bijection, we also
see that |Iso(X)| |X ′|. This fact and the obvious equality X = X ′ ∪ Iso(X) imply that X ′ is inﬁnite and |X ′| = |X |.
Further, let Y = f −1(X ′)∩ X ′ . Notice that Y ∪ f (Y ) ⊆ X ′ . Since τ and σ are transversal, so are the restrictions of τ and σ
to the subspace f (Y ) of X ′ . It is clear that
σ  f (Y ) = f (τ ) f (Y ) = f (τ Y ).
Therefore,
nw
(
f (Y ),σ  f (Y )
)= nw( f (Y ), f (τ Y )
)= nw(Y , τ Y ) nw
(
X ′, τ X ′
)
and, similarly,
nw
(
f (Y ), τ  f (Y )
)
 nw
(
X ′, τ X ′
)
.
It now follows from Theorem 3.4 below that
∣∣ f (Y )∣∣= max{nw( f (Y ), τ  f (Y )
)
,nw
(
f (Y ),σ  f (Y )
)}
 nw
(
X ′, τ X ′
)
< |X |.
This ﬁnishes the proof of our claim since f (Y ) = X ′ ∩ f (X ′) and |X ′| = |X |.
It is almost immediate now that |X ′ \ f (Iso(X))| < |X ′|. Indeed, since X ′ ⊆ X = f (X ′) ∪ f (Iso(X)) and f is a bijection,
we see that X ′ \ f (Iso(X)) ⊆ X ′ ∩ f (X ′) and hence |X ′ \ f (Iso(X))| < |X ′|.
Finally, suppose to the contrary that the family F contains two distinct elements σ1 and σ2, both different from τ . Then
there exist bijections f1 and f2 of X onto itself such that σi = f i(τ ) for i = 1,2. Clearly, g = f2 ◦ f −11 is a bijection of X
and σ2 = g(σ1). It is easy to see that f1(Iso(X))∩ f2(Iso(X)) = ∅. Indeed, the set Yi = X ′ \ f i(Iso(X)) has cardinality strictly
less than |X ′| for i = 1,2, so the cardinality of the intersection f1(Iso(X))∩ f2(Iso(X)) = X ′ \ (Y1 ∪ Y2) is equal to |X ′|. Take
an arbitrary point x ∈ f1(Iso(X)) ∩ f2(Iso(X)) and pick elements y1, y2 ∈ Iso(X) such that x = f i(yi) for i = 1,2. Since the
points y1 and y2 are isolated in (X, τ ), we see that the set {x} is open in (X, σi) for each i = 1,2. This contradicts the fact
that the topologies σ1 and σ2 are T1-independent. 
Corollary 2.8. Let X be a space satisfying nw(X) < |X |. Then the Alexandroff duplicate A(X) of X does not admit a family F with
|F| > 2 of mutually T1-complementary topologies, provided that every σ ∈ F is homeomorphic to the original topology of A(X).
The next example shows that there exist many compact spaces satisfying the requirements of Theorem 2.1 with κ = 2c .
Example 2.9. Let X = G(K ) be the Gleason space (i.e., absolute) of an inﬁnite compact separable space K . Then the Alexan-
droff duplicate A(X) of X is a compact Hausdorff space of cardinality 2c with a dense set of isolated points in which all
inﬁnite closed sets have the same cardinality 2c .
Proof. Clearly, X is an inﬁnite separable compact extremally disconnected Hausdorff space (see [2, p. 58]). Hence the cardi-
nality of X is not greater than 2c . On the other hand, since X is extremally disconnected and compact, every inﬁnite closed
subset F of X contains a copy of the space βω. Since |βω| = 2c , we see that |F | = 2c . Now the same argument as in the
proof of Corollary 2.6 shows that all inﬁnite closed sets in the compact Hausdorff space A(X) have the cardinality 2c as
well. 
Weakening compactness to countable compactness permits us to extend the conclusion in Example 2.9 to some cardinals
between c and 2c:
Example 2.10. For every cardinal κ with c  κ = κω  2c , there exist countably compact Tychonoff spaces satisfying the
conditions of Theorem 2.1.
Proof. In view of Example 2.9 we can assume that c  κ = κω < 2c . Let X be an arbitrary inﬁnite compact Hausdorff
F -space. Note that every inﬁnite closed set C ⊆ X contains a topological copy of βω, so |C | 2c . We deﬁne a subspace Y
of X with |Y | = κ by a usual saturation procedure. Let Y0 ⊆ X be a set of cardinality κ . Suppose that for some α < κ we
have deﬁned a family {Yν : ν < α} of subsets of X satisfying the following conditions for all μ,ν < α:
(i) |Yν | κ ;
(ii) Yμ ⊆ Yν if μ < ν;
(iii) if μ < ν , C ⊆ Yμ , and |C | = ω, then |Yν ∩ clX C | = κ .
Put Y ′α =
⋃
ν<α Yν . Then (i) implies that |Y ′α |  κ . Let Pα be the family of all countable inﬁnite subsets of Y ′α . Since X
is a compact F -space, the closure in X of every element C ∈ Pα has the cardinality 2c . Hence we can choose, for every
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⋃{AC : C ∈ Pα}. Since |Pα | |Y ′α |ω  κω = κ , we see that|Yα | κ . It is also clear from the deﬁnition of Yα that if ν < α, then Yν ⊆ Yα and every countable inﬁnite subset of Yν has
κ accumulation points in Yα . Therefore, the family {Yν : ν  α} satisﬁes (i)–(iii) at the stage α of our construction.
Let Y =⋃α<κ Yα . Then κ = |Y0| |Y | κ ×κ = κ by (i), that is, |Y | = κ . We claim that every inﬁnite closed subset of Y
has the cardinality κ . Indeed, suppose that F is an inﬁnite closed subset of Y . Take a countable inﬁnite set C ⊆ F . Since the
family {Yα: α < κ} is increasing and the coﬁnality of κ is uncountable (here we use the assumption that κω = κ ), there
exists μ < κ such that C ⊆ Yμ . Let ν = μ + 1. Then Yν ∩ clX C ⊆ Y ∩ clX C and it follows from (iii) that κ = |Yν ∩ clX C |
|Y ∩ clX C |. Since C ⊆ F and F is closed in Y , we conclude that Y ∩ clX C ⊆ F and, hence, |F | = κ . Note that the space Y is
countably compact since every countable inﬁnite set C ⊆ Y has κ ω accumulation points in Y .
Finally, a simple veriﬁcation shows that the Alexandroff duplicate A(Y ) of Y is a countably compact Tychonoff space
satisfying the conditions of Theorem 2.1 for a given cardinal number κ . 
Remark 2.11. Under the assumption that c = 2ℵ1 and the splitting number s (see [16]) equals ℵ1, Fedorchuk proved in [4]
that there exists a compact Hausdorff space, say X , of cardinality c without nontrivial convergent sequences. All inﬁnite
closed subsets of X have the cardinality c. Indeed, by a result of Malykhin and Shapirovskiı˘ in [8], every compact Hausdorff
space of cardinality less than 2ℵ1 is sequentially compact and, hence, contains nontrivial convergent sequences. It follows
that no inﬁnite closed subset of X can be of cardinality less than c = 2ℵ1 . Therefore, taking the Alexandroff duplicate A(X)
of X , we obtain a consistent example of a compact Hausdorff space which satisﬁes the conditions of Theorem 2.1 with κ = c.
It is proved in [12, Corollary 3.5] that no inﬁnite set of cardinality less than 2ℵ1 admits a pair of compact Hausdorff
T1-independent topologies. Here we present a result of a bit more detailed character:
Theorem 2.12. If τ and σ are T1-independent compact Hausdorff topologies on a set X , then for every inﬁnite set A ⊂ X, either
|clτ A| 2ℵ1 or |clσ A| 2ℵ1 .
Proof. Assume that A ⊆ X is an inﬁnite set and suppose that |clτ A| < 2ℵ1 and |clσ A| < 2ℵ1 . Without loss of generality we
can assume that A is countable and discrete in (X, τ ) and that X \ A is inﬁnite. Since (X, τ ) is compact and A is discrete, the
set clτ A \ A is compact. There are two possibilities. If the set clτ A \ A contains an isolated point in the topology τ , say x0,
then there exists U0 ∈ τ such that x0 ∈ U0 and x0 is the unique accumulation point of the set A ∩ U0. If not, there exists
a point x0 at which the space clτ A \ A has a countable local base—otherwise |clτ A|  2ℵ1 by the Cˇech–Pospíšil theorem
(see [5, 3.16]). Hence we can choose a sequence {Un: n ∈ ω} ⊆ τ such that clτ Un+1 ⊆ Un for each n ∈ ω and
⋂
{clτ Un: n < ω} ∩ clτ A = {x0}.
Since x0 ∈ clτ A, there exists an inﬁnite set B = {bn: n ∈ ω} ⊆ A such that bn ∈ Un ∩ A for each n ∈ ω. Then x0 is a unique
accumulation point of B in τ .
Similarly, since |clσ B| < 2ℵ1 , one can choose an inﬁnite set C ⊆ B and a point x1 ∈ clσ C \ C such that x1 is a unique
accumulation point of C in the topology σ . Therefore, the proper inﬁnite subset C ∪ {x0, x1} of X is closed both in τ and σ .
This is impossible since τ and σ are T1-independent. 
If a Hausdorff space is not countably compact, then clearly it contains an inﬁnite closed discrete subset. Suppose now
that we are given a set X with two topologies τ and σ such that both spaces (X, τ ) and (X, σ ) are not countably compact.
It seems natural to try to ﬁnd conditions on τ and σ under which X contains an inﬁnite closed discrete subset with respect
to both topologies. The following simple example shows that this is not always possible, even if the topologies τ and σ are
transversal.
Example 2.13. There exists a regular, locally compact, non-compact topology τ on a countable inﬁnite set X and a bijection h
of X onto itself such that no inﬁnite subset of X is closed and discrete in both topologies τ and σ = h(τ ). Further, the
topology τ ∨ σ is discrete, so the space (X, τ ) is self-transversal but not countably compact.
Proof. Let C1 and C2 be two convergent sequences (with their limits) such that C1 ∩ C2 = ∅, and let X = C1 ∪ C2. Denote
by τ the topology on X in which C1 remains a convergent sequence and the set C2 is clopen and discrete in (X, τ ).
Similarly, let σ be the topology on X in which C2 remains a convergent sequence, while the set C1 is clopen and discrete
in (X, σ ). Clearly, τ and σ are transversal and homeomorphic, i.e., there exists a bijection of X onto itself which takes τ
to σ . However, no inﬁnite subset N of X can be closed and discrete in both spaces (X, τ ) and (X, σ ) since the intersection
of N with C1 or C2 is an inﬁnite set. 
In Corollary 2.19 below we show that there exists even a locally compact, normal, self T1-complementary space which
fails to be pseudocompact. However, the proof of this result requires considerably more efforts.
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space X has the FDS property if every inﬁnite set in X contains an inﬁnite subset with at most ﬁnitely many accumulation
points.
Proposition 2.14. Suppose that topologies τ and σ on an inﬁnite set X are T1-independent and that (X, τ ) has the FDS property.
Then every inﬁnite subset of (X, σ ) has inﬁnitely many accumulation points. In particular, the space (X, σ ) is countably compact.
Proof. Assume A ⊆ X is inﬁnite and suppose that {x1, . . . , xn} is the set of all accumulation points of A in the topol-
ogy σ . Then, by the assumption, there exists an inﬁnite set B ⊆ A which has only ﬁnitely many accumulation points
in the topology τ , say {y1, . . . , ym}. We can assume without loss of generality that the complement A \ B is inﬁnite.
Clearly, the set B ∪ {x1, . . . , xn} is closed in the topology τ . Since ﬁnite sets are closed in all T1-topologies, the set
B ∪ {x1, . . . , xn} ∪ {y1, . . . , ym} is closed in both topologies τ and σ . We get a contradiction since the topologies τ and σ
are T1-independent and therefore there are no proper inﬁnite sets which are closed in both topologies. 
Corollary 2.15. If X is a self T1-independent space with the FDS property, then X is ﬁnite.
Proof. Let τ be the topology of X and suppose that h : X → X is a bijection such that σ = {h−1(U ): U ∈ τ } and τ are
T1-independent topologies. If X is inﬁnite, then by Proposition 2.14, the space (X, σ ) fails to have the FDS property. Since h
is a homeomorphism of (X, σ ) onto (X, τ ), the latter space cannot have the FDS property either. This contradiction ﬁnishes
the proof. 
Let us now show that there exists non-countably compact Tychonoff (even non-pseudocompact normal) self T1-comple-
mentary topology, which is an essential reﬁnement of Example 2.13.
For further applications we need a stronger version of [10, Lemma 2.2]. For reader’s convenience we supply Lemma 2.16
with a proof which follows main ideas from [10]. We will use bar to denote the closure of a set in a space till the end of
this section. Let us recall that all spaces considered here are assumed to satisfy the T1 separation axiom.
Lemma 2.16. Assume that κ ω is a cardinal, Y and Z are spaces, Y ′ is a subset of Y , and Z ′ is a subset of Z satisfying the following
conditions:
(1) |Y ′| = |Z ′|;
(2) |Y | = |Z | = |Y \ Y ′| = |Z \ Z ′| = κ = κω;
(3) every point y ∈ Y ′ has a local base at y in Y of size  κ ;
(4) if U is an open subset of Y with U ∩ Y ′ = ∅, then |U \ Y ′| = κ ;
(5) if F is an inﬁnite closed subset of Z , then |F \ Z ′| = κ .
Then there exists a bijection f : Y → Z with the following properties:
(a) f (Y ′) = Z ′;
(b) if Φ is an inﬁnite closed subset of Y and Y ′ \ Φ = ∅, then the image f (Φ) satisﬁes | f (Φ) \ f (Φ)| = κ .
Proof. By (1), there exists a bijection ϕ : Y ′ → Z ′ . According to (2) we can select faithful enumerations Y \ Y ′ = {yα: α < κ}
and Z \ Z ′ = {zα: α < κ}. For every y ∈ Y ′ use (3) to ﬁx a local base By of Y at y with |By| κ , and set B =⋃{By: y ∈ Y ′}.
Since Y ′ ⊆ Y , condition (2) implies that |Y ′| κ and thus |B| κ . Since |Y | = κ = κω by (2), we have |[Y ]ω ×B| κ , where
[Y ]ω denotes the set of all countable inﬁnite subsets of Y . Let {(Cα,Uα): α < κ} be an enumeration of the set [Y ]ω × B
such that every pair (C,U ) ∈ [Y ]ω ×B appears κ times in this enumeration.
By recursion on α < κ we will construct sets Yα ⊆ Y , Zα ⊆ Z , a mapping fα : Yα → Zα , and choose points y∗α ∈ Y and
z∗α ∈ Z such that the following conditions hold:
(iα) Y ′ ⊆ Yα , Z ′ ⊆ Zα ;
(iiα) |Yα \ Y ′| α · ω and |Zα \ Z ′| α · ω;
(iiiα) if γ < α, then Yγ ⊆ Yα and Zγ ⊆ Zα ;
(ivα) {yα, y∗α} ⊆ Yα and {zα, z∗α} ⊆ Zα ;
(vα) y∗α = y∗γ if γ < α;
(viα) fα is a bijection between Yα and Zα extending ϕ;
(viiα) if γ < α, then fαYγ = fγ ;
(viiiα) y∗α ∈ Uα ∩ Yα and z∗α = fα(y∗α) ∈ fα(Cα ∩ Yα) provided that α = 0 and Cα ∩ Yα is inﬁnite.
In (viiiα) above and later in the proof of this lemma, the symbol A denotes the closure of the set A ⊆ Z in Z .
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are satisﬁed.
Let 0 < α < κ , and suppose that sets Yβ ⊆ Y , Zβ ⊆ Z , a mapping fβ : Yβ → Zβ , and points y∗β ∈ Y and z∗β ∈ Z satisfying
conditions (iβ )–(viiiβ ) have already been deﬁned for all β < α. We choose points y∗α ∈ Y , zα ∈ Z and construct Yα ⊆ Y ,
Zα ⊆ Z , and a mapping fα : Yα → Zα satisfying conditions (iα)–(viiiα).
First, we put Y ′α =
⋃{Yβ : β < α}, Z ′α =
⋃{Zβ : β < α} and f ′α =
⋃{ fβ : β < α}. Clearly, Y ′ ⊆ Y ′α ⊆ Y , Z ′ ⊆ Z ′α ⊆ Z ,|Y ′α \ Y ′| α · ω, |Z ′α \ Z ′| α · ω and f ′α : Y ′α → Z ′α is a bijection.
Since Uα ∈ B =⋃{By: y ∈ Y ′}, one has Uα ∈ By for some y ∈ Y ′ , and so y ∈ Uα ∩ Y ′ = ∅. From (4) it now follows that
|Uα \ Y ′| = κ . Since |Y ′α \ Y ′| α · ω < κ , we can pick a point
y∗α ∈
(
Uα \ Y ′
) \ (Y ′α \ Y ′
)= Uα \
(
Y ′ ∪ Y ′α
)⊆ Uα \ Y ′α.
Notice that y∗γ ∈ Yγ ⊆ Y ′α if γ < α, so our choice of y∗α implies that y∗α = y∗γ , i.e., (vα) holds at the step α. If Cα ∩ Y ′α
is inﬁnite, then Fα = f ′α(Cα ∩ Y ′α) is an inﬁnite closed subset of Z and so |Fα \ Z ′| = κ by (5), which combined with|Z ′α \ Z ′| α · ω < κ allows us to pick a point
z∗α ∈
(
Fα \ Z ′
) \ (Z ′α \ Z ′
)= Fα \
(
Z ′ ∪ Z ′α
)⊆ Fα \ Z ′α.
In case Cα ∩ Y ′α is ﬁnite, since |Z \ Z ′| = κ by (2) and |Z ′α \ Z ′| α · ω < κ , we can pick a point
z∗α ∈
(
Z \ Z ′) \ (Z ′α \ Z ′
)= Z \ (Z ′ ∪ Z ′α
)⊆ Z \ Z ′α.
It is easy to deﬁne sets Yα ⊆ Y , Zα ⊆ Z and a bijection fα : Yα → Zα such that Y ′α ∪ {yα, y∗α} ⊆ Yα , Z ′α ∪ {zα, z∗α} ⊆ Zα ,|Yα \ Y ′α | 2, |Zα \ Z ′α | 2, fα extends f ′α , and fα(y∗α) = z∗α .
Clearly, conditions (iα)–(viiα) hold. Let us verify condition (viiiα). Suppose that Cα ∩ Yα is inﬁnite. Since |Yα \ Y ′α | 2,
the intersection Cα ∩ Y ′α must also be inﬁnite. By our construction, y∗α ∈ Uα ∩ Yα and fα(y∗α) = z∗α ∈ Fα = f ′α(Cα ∩ Y ′α) ⊆
fα(Cα ∩ Yα), which yields z∗α ∈ fα(Uα ∩ Yα) ∩ fα(Cα ∩ Yα). This ﬁnishes our recursive construction.
We can now deﬁne the bijection f : Y → Z . From (ivα) for all α < κ and our choice of yα ’s and zα ’s it follows that
Y =⋃{Yα: α < κ} and Z =⋃{Zα: α < κ}. Deﬁne f =⋃{ fα: α < κ}. Since (iiiα), (viα) and (viiα) hold for all α < κ , f is
a bijection between Y and Z .
From (viiα) for all α < κ it follows that f Y0= f0, and from (i0) and (vi0) we conclude that f0Y ′ = ϕ which yields
f Y ′ = ϕ . Since ϕ : Y ′ → Z ′ is a bijection, we get f (Y ′) = ϕ(Y ′) = Z ′ . Thus (a) holds.
It remains only to prove (b). Let Φ be an inﬁnite closed subset of Y such that Y ′ \Φ = ∅. Pick a point y ∈ Y ′ \Φ ⊆ Y \Φ .
Clearly, Y \ Φ is an open subset of Y , so y ∈ U ⊆ Y \ Φ for some U ∈ By . Since y ∈ Y ′ , one has U ∈ B. Note that the
coﬁnality of the cardinal κ is uncountable since κ = κω . From Y =⋃{Yα: α < κ} and (iiiα) for α < κ we conclude that
Φ ∩ Yβ must be inﬁnite for some β < κ . Choose a countable inﬁnite set C ⊆ Φ ∩ Yβ and note that (C,U ) ∈ [Y ]ω ×B. Since
the set A = {α < κ: (C,U ) = (Cα,Uα)} has the cardinality κ , the same is true for B = A \β . Take an arbitrary ordinal α ∈ B .
It is clear that (C,U ) = (Cα,Uα). From Yβ ⊆ Yα and Cα = C ⊆ Yβ we get Cα ∩ Yα ⊇ Cα ∩ Yβ = C ∩ Yβ = C , and since the
last set is inﬁnite, so is Cα ∩ Yα . From 0 β < α and (viiiα) one gets z∗α ∈ fα(Uα ∩ Yα) ∩ fα(Cα ∩ Yα). Since f extends fα
and Cα = C ⊆ Φ , it follows that
f
(
y∗α
) ∈ fα(Uα ∩ Yα) ∩ fα(Cα ∩ Yα) ⊆ f (Uα) ∩ f (Cα) ⊆ f (Uα) ∩ f (Φ).
From y∗α ∈ Uα = U ⊆ Y \Φ one gets y∗α /∈ Φ . Since f is a bijection between Y and Z , this yields f (y∗α) /∈ f (Φ). Thus f (y∗α) ∈
f (Φ) \ f (Φ), for each α ∈ B . Since f is a bijection, (vα) implies that f (y∗γ ) = f (y∗α) for each γ < α. We conclude that
{ f (y∗α): α ∈ B} ⊆ f (Φ) \ f (Φ) and that | f (Φ) \ f (Φ)| = |B| = κ . This implies (b) and ﬁnishes the proof of the lemma. 
A bijection f : X → X is called idempotent if f ◦ f = idX or, equivalently, f (x) = y implies that f (y) = x, for all x, y ∈ X .
In the following result we strengthen the conclusion of [10, Theorem 3.1].
Theorem 2.17. Let X be a T1-space and κ an inﬁnite cardinal satisfying the following conditions:
(i) χ(X) |X | = κ = κω;
(ii) every nonempty open subset of X is of cardinality κ ;
(iii) each inﬁnite closed subset of X is of cardinality κ .
Then for every set E ⊆ X with |E| < κ , there exists an idempotent bijection f of Z = A(X) \ E onto itself which has the following
properties:
(c) f (X \ E) = Z \ X and f (Z \ X) = X \ E;
(d) if Φ is an inﬁnite closed set in Z and X \ Φ = ∅, then the image f (Φ) satisﬁes | f (Φ) \ f (Φ)| = κ (the closure is taken in Z );
(e) the topology τ of Z is T1-complementary to the topology f (τ ) = { f (U ): U ∈ τ }.
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of the lemma since both the domain and range of the bijection f under construction is the same space Z and we want to
guarantee that f will be idempotent.
Therefore, we enumerate faithfully Z \ Y ′ = Z \ X = {yα: α < κ} and Z \ Z ′ = X \ E = {zα: α < κ} and then deﬁne
by recursion a bijection h : Z \ Y ′ → Z \ Z ′ exactly as in the proof of Lemma 2.16. Note that Y ′ = Z \ Z ′ and Z ′ = Z \ Y ′ .
The only difference in our strategy is that we now deﬁne a bijection ϕ : Y ′ → Z ′ by ϕ(h(z)) = z, for every z ∈ Z ′ . In other
words, ϕ = h−1. Let a mapping f : Z → Z be deﬁned by f Y ′ = ϕ and f Z ′ = f . Since Z = Y ′ ∪ Z ′ and Y ′ ∩ Z ′ = ∅, f is an
idempotent bijection of Z onto itself. Clearly, our deﬁnition of f implies that (c) holds, while (d) follows from the choice
of h (see Lemma 2.16). It remains to verify that (e) is valid as well.
Since f (Z ′) = Y ′ and all points of Z ′ are isolated in Z , each point of Z is isolated either in τ or in σ . Hence the upper
bound τ ∨ σ is the discrete topology on Z , i.e., the topologies τ and σ are transversal. Let us show that τ and σ are
T1-independent. Take a proper inﬁnite closed set Φ ⊆ Z . If X \ Φ = ∅, then f (Φ) is not closed in Z by (d). Clearly, we
have that (X \ E) \ Φ = ∅ in this case since |E| < κ and all open subsets of X have the cardinality κ . Finally, suppose that
X \ E ⊆ Φ . Then Z \ X = f (X \ E) ⊆ f (Φ). Since Z \ X is dense in Z , the image f (Φ) cannot be closed in Z—otherwise f (Φ)
would coincide with Z , thus implying that Φ = Z . This ﬁnishes the proof. 
Corollary 2.18. Let X be the Alexandroff duplicate of the compact space ω∗ = βω \ω and Y an arbitrary T1-space satisfying |Y | c.
Then the topological sum T = X ⊕ Y is self T1-complementary.
Proof. Let γ be a family of pairwise disjoint nonempty open subsets of ω∗ such that |γ | = c. Since |Y |  c, there exists
a mapping ϕ : Y → ω∗ such that ϕ(Y ) ⊆⋃γ and |U ∩ ϕ(Y )|  1 for each U ∈ γ . Put E = ϕ(Y ). Clearly, ϕ extends to an
idempotent bijection of E ∪ Y onto itself which we denote by the same letter ϕ . According to Theorem 2.17 (where X = ω∗ ,
Z = A(ω∗) \ E , and κ = 2c), there exists an idempotent bijection g of Z onto itself satisfying conditions (c)–(e) of the
theorem. Let f be a bijection of T onto itself which coincides with ϕ on E ∪ Y and with g on Z . Then f is also idempotent
and we claim that the topology τ of T is T1-complementary to the topology σ = f (τ ).
First, the topologies τ and σ are transversal. Indeed, since A(ω∗) \ ω∗ consists of isolated points in T and f (A(ω∗) \
ω∗) = ω∗ \ E , each point of A(ω∗) \ E is isolated either in τ or in σ . If y ∈ Y , then f (y) ∈ U for some U ∈ γ . Take an open
set V in T such that V ∩ ω∗ = U . Then V ∩ f (Y ) = { f (y)} or, equivalently, f (V ) ∩ Y = {y}. Since V and Y are open in T ,
this implies that the point y is isolated in the topology τ ∨ σ of T . Therefore, the topology τ ∨ σ is discrete.
To conclude the argument, it suﬃces to verify that the topologies τ and σ are T1-independent. Let F be a proper inﬁnite
closed subset of T . We now consider several possible cases.
Case 1. The set C = F ∩ A(ω∗) is ﬁnite. Then |F |  c because F ⊆ C ∪ Y . Clearly, F ∩ Y is inﬁnite and f (F ∩ Y ) ⊆
f (F ) ∩ A(ω∗). Since the set f (F ) is of cardinality at most c, we see that it cannot be closed in T—otherwise f (F ) ∩ A(ω∗)
would be a closed subset of A(ω∗) with ω | f (F ) ∩ A(ω∗)| c.
Case 2. The set F ∩ A(ω∗) is inﬁnite. Since F is closed in T , the closed subset F ∩ A(ω∗) of A(ω∗) has the cardinality
κ = 2c > c. Again, we consider two subcases.
Case 2a. ω∗ ⊆ F . Suppose to the contrary that the set f (F ) is closed in T . Since f (ω∗) = T \ E and T \ E is dense in T ,
we conclude that f (F ) = T and hence F = T . This contradicts our choice of F as a proper subset of T .
Case 2b. F ∩ ω∗ is a proper subset of ω∗ . It follows from the obvious equality
f (F ) = f (F ∩ A(ω∗))∪ f (F ∩ Y ) = f (F ∩ (A(ω∗) \ E))∪ f (F ∩ E) ∪ f (F ∩ Y )
and the deﬁnition of f that
f (F ) = g(F ∩ (A(ω∗) \ E))∪ ϕ(F ∩ E) ∪ ϕ(F ∩ Y ).
Since the last two summands on the right-hand part of the above equality are of cardinality at most c, so is the complement
f (F ) \ g(F ∩ (A(ω∗) \ E)). However, F ∩ (ω∗ \ E) is a proper inﬁnite closed subset of ω∗ \ E (note that |E| = |Y |  c), so
our choice of g implies that the set g(F ∩ (A(ω∗) \ E)) has κ accumulation points in the complement (A(ω∗) \ E) \ g(F ∩
(A(ω∗) \ E)). Therefore, f (F ) ∩ A(ω∗) is not closed in A(ω∗) and hence f (F ) fails to be closed in T . This ﬁnishes our proof
of the fact that the topologies τ and σ = f (τ ) are T1-independent. 
One can take Y in Corollary 2.18 to be the real line with the usual interval topology, thus obtaining the following fact:
Corollary 2.19. There exists a normal, locally compact, self T1-complementary space X which is neither countably compact nor pseu-
docompact, and which contains nontrivial convergent sequences.
3. Self-transversal compact topologies
It was proved in [6, Proposition 3.2] that if X is an inﬁnite space containing a closed discrete subset D with |D| = |X |,
then X is self-transversal. This led to the question whether every compact space X which contains a discrete subset D ⊆ X
such that |X | = |D| must be self-transversal (see [6, Problem 4.3]). We show in Corollary 3.2 below that for every cardinal
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transversal. This answers negatively, in a strong form, to the problem from [6].
Let us start with the following proposition which gives a wide class of spaces which are not self-transversal.
Proposition 3.1. Suppose that X is a topological space such that:
(1) every nonempty open set in X is uncountable;
(2) every nonempty open set in X contains a nonempty open subset of countable weight;
(3) there exists a point p ∈ X such that for every open neighborhood U of p, the set X \ U has countable weight.
Then the space X is not self-transversal.
Proof. Let τ be the topology of X . Suppose to the contrary that (X, τ ) is self-transversal. Then there exists a bijection
f : X → X such that the topology
σ = { f (U ): U ∈ τ}
is transversal to τ . Since the point q = f (p) is isolated in the topology τ ∨ σ , there exist elements U , V ∈ τ such that
U ∩ f (V ) = {q}. Therefore,
U \ {q} ⊆ X \ f (V ) = f (X \ V )
because f is a bijection. Clearly, p ∈ V since f (p) ∈ f (V ). Hence, by condition (3), there exists a countable family B1 of
open subsets of X such that {G ∩ (X \ V ): G ∈ B1} is a base of X \ V . By (2), there exists a nonempty open set W ⊆ U \ {q}
such that the space W has countable weight. Let B2 be a countable base for W . Since the topology τ ∨ σ is discrete, for
every x ∈ W there exist open sets G, H ∈ τ such that f (G) ∩ H = {x}. We choose an element Hx ∈ B2 such that x ∈ Hx ⊆
H ∩ W . Since Hx ⊆ W ⊆ U \ {q} ⊆ f (X \ V ), we see that
f
(
G ∩ (X \ V ))∩ Hx = f (G) ∩ f (X \ V ) ∩ Hx = f (G) ∩ Hx = {x}.
Let y ∈ G ∩ (X \ V ) be such that f (y) = x. We choose Gx ∈ B1 such that y ∈ Gx ⊆ G . Then we get
f (Gx) ∩ Hx = {x}.
Clearly, the function x −→ (Gx, Hx) is an injection from W to B1 × B2. Since B1 × B2 is countable, we get a contradiction
with (1). 
Corollary 3.2. If X is the one-point compactiﬁcation of the topological sum of an inﬁnite family of dense in itself compact metrizable
spaces, then X is not self-transversal.
Corollary 3.3. Let κ  2ω be a cardinal. There exists a compact space X of cardinality κ that contains a pairwise disjoint family of
nonempty open subsets of the same cardinality κ , but fails to be self-transversal.
Proof. Let K be any compact metrizable space without isolated points. Denote by Y the topological sum of κ copies of the
space K and let X = Y ∪ {p} be a one-point compactiﬁcation of Y . Proposition 3.1 implies that the compact space X is not
self-transversal. 
Theorem 2.11 from [12] says that if X is a self-transversal topological space, then the network weight of X is equal
to the cardinality of X . In particular, if X is a dense in itself compact metrizable space, then X is not self-transversal.
In connection with these facts we present another result regarding cardinal invariants of transversal topologies. It can be
deduced from [12, Lemma 2.10], but we supply the reader with a direct, slightly distinct argument.
Theorem 3.4. If τ0 and τ1 are transversal topologies on a set X , then
|X | = max{nw(τ0),nw(τ1)
}
,
where for i ∈ {0,1}, nw(τi) denotes the network weight of the space Xi = (X, τi). If in addition the spaces X0 and X1 are compact,
then
|X | = max{w(τ0),w(τ1)
}
.
Proof. It is clear that nw(τi)  |X | for each i = 0,1. Conversely, since the topologies τ0 and τ1 are transversal, for every
x ∈ X there exist Ux ∈ τ0 and Vx ∈ τ1 such that Ux ∩ Vx = {x}. Then the diagonal
 = {(x, y) ∈ X0 × X1: x = y
}
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 ∩ (Ux × Vx) =
{
(x, x)
}
.
Clearly, || = |X |. If κ = max{nw(τ0),nw(τ1)}, then nw(X0 × X1) = κ . Since  is discrete, we see that
|| = nw() nw(X0 × X1) = κ.
For compact spaces the remaining equality is obvious. 
As a corollary, we see that every self-transversal compact Hausdorff space X satisﬁes |X | = w(X) (see also [12, Corol-
lary 2.12]).
For compact spaces, Theorem 3.4 can be given a bit stronger form. For a space X , let us put
Ψ (X) = sup{ψ(F , X): F is closed subset of X},
where ψ(F , X) is the pseudocharacter of a set F in X . We now have the following theorem:
Theorem 3.5. If τ0 and τ1 are compact Hausdorff transversal topologies on an inﬁnite set X and Xi = (X, τi) for i = 0,1, then
|X | = Ψ (X0 × X1).
Proof. If F as a closed subset of a compact Hausdorff space Y , then ψ(F , Y )  w(Y )  |Y |. This implies the inequality
Ψ (X0 × X1) |X |. Conversely, let Ψ (X0 × X1) = κ . As in the proof of the previous theorem, we can pick, for every x ∈ , an
open set Vx ⊆ X0 × X1 such that Vx ∩ = {x}. Since Ψ (X0 × X1) = κ , there exists a family {Fα: α < κ} of closed subsets of
X0 × X1 such that⋃
{Vx: x ∈ } =
⋃
{Fα: α < κ}.
Since Vx ∩  = {x} for every x ∈ , we have
 =
⋃
{Vx ∩ : x ∈ } =
⋃
{Fα ∩ : α < κ}.
Now it suﬃces to show that Fα ∩ is ﬁnite for each α < κ . This follows from the fact that each of the sets Fα ∩ is closed
and discrete in the compact space X0 × X1. Clearly, the set Fα ∩ is discrete since  is a discrete subset of X0 × X1. Let us
verify that Fα ∩ is closed in X0 × X1 or, equivalently, that Fα ∩ is closed in Fα . If y ∈ Fα \, then y ∈ Vx \ {x} for some
x ∈  since Fα ⊆⋃{Vx: x ∈ }. Then y ∈ Vx \ {x} is an open neighborhood of y disjoint from  because Vx ∩  = {x}. We
have thus proved that |X | κ , which ﬁnishes the proof of the theorem. 
It is tempting to conjecture, after Theorem 3.5, that every self-transversal compact Hausdorff space X contains a point
x ∈ X such that χ(x, X) = |X |. However, the Alexandroff duplicate X = A(ω∗) of ω∗ = βω \ ω is a self T1-complementary
compact Hausdorff space satisfying χ(X) = c and |X | = 2c .
4. The rationals and transversal topologies
Quite often transversal topologies have a lot of isolated points; see e.g. Theorem 2.2 and Corollary 2.3 from [12]. There-
fore, it seems natural to ask when a dense in itself Hausdorff (regular, Tychonoff) space admits a dense in itself transversal
Hausdorff (regular, Tychonoff) topology.
Theorem 3.7 in [6] says that every countable Hausdorff space is self-transversal. Hence all regular topologies on a count-
able inﬁnite set are self-transversal as well. The class of countable metrizable spaces has a universal object (with respect
to embeddings), the space of rationals Q. Another important property of the space Q is that every countable non-compact
regular space X admits a continuous bijection onto Q, i.e., the topology of X contains the topology of rationals. This fact
seems to be known, but we supply the reader with a proof since we have not found it in the literature.
Proposition 4.1. If τ is a non-compact regular topology on a countable inﬁnite set X , then there exists a topology σ ⊆ τ such that the
space (X, σ ) is homeomorphic to the space of rationals.
Proof. Clearly, the countable space (X, τ ) is normal, so it is zero-dimensional. Let {xn: n < ω} be a one-to-one enumeration
of X and let Clop(X) denote the set of all subsets of X which are clopen in the topology τ . We shall consider two cases.
Case 1. The set Iso(X) is not dense in X . Then there exists a nonempty set Y ∈ Clop(X) such that Iso(X) ∩ Y = ∅. By
induction we shall construct a sequence {Vn: n < ω} of ﬁnite partitions of X in such a way that V0 = {X} and for every
integer n with 0 n < ω, the following conditions hold:
(1) Vn ⊆ Clop(X);
(2) (∀V ∈ Vn+1) (∃U ∈ Vn) (V ⊆ U );
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(4) (∀V ∈ Vn) (V ∩ Y = ∅).
Suppose that partitions Vi have been constructed for all i  n in such a way that conditions (1)–(4) are satisﬁed. We shall
construct Vn+1. Since Vn is a partition, there exits exactly one element V ∈ Vn such that xn+1 ∈ V . By (1) and (4), we can
choose a point y ∈ V ∩ Y such that y = xn+1. Since the space X is zero-dimensional, there exists a set U ∈ Clop(X) such that
xn+1 ∈ U ⊆ V \ {x0, . . . , xn, y}.
Since Y is clopen and dense in itself, there exists a nonempty clopen set W ⊆ (Y ∩ V ) \ {x0, . . . , xn, y}. The family
Vn+1 =
(
Vn \ {V }
)∪ {U ∪ W , V \ (U ∪ W )}
together with families Vi for i  n fulﬁlls conditions (1)–(4). Indeed, (3) holds true at the step n + 1 since xn+1 ∈ U ∪ W ⊆
V \ {x0, . . . , xn} whereas (4) follows from the fact that W ⊆ Y and y ∈ Y ∩ (V \ (U ∪ W )).
By conditions (1), (2), and (3), the topology σ generated by the family
⋃{Vn: n < ω} is Hausdorff and zero-dimensional.
By (4), all nonempty open sets in σ are inﬁnite, so the space (X, σ ) is dense in itself. Since it has a countable base, by the
theorem of Sierpin´ski in [11], the space (X, σ ) is homeomorphic to Q. Clearly, σ ⊆ τ .
Case 2. The set Iso(X) is dense in X . Since X is non-compact and regular, there exists an inﬁnite partition P of X con-
sisting of nonempty clopen subsets of X . For every U ∈ P we choose a point xU ∈ U ∩ Iso(x). Then the set Y = {xU : U ∈ P}
is an inﬁnite clopen subset of X consisting of isolated points. Let Y be equipped with the topology of the rational numbers
and let μ ⊆ P(X) be the topology generated by those subsets of Y which are clopen in the topology of the rationals and all
subsets of X \ Y which are clopen in the topology τ . Clearly μ ⊆ τ and Y is a clopen and dense in itself set in the countable
regular space (X,μ). Since we are now in the situation of Case 1, the proof is complete. 
Proposition 4.1 makes it interesting to characterize the countable inﬁnite regular spaces which admit a transversal
topology homeomorphic to the topology of the rationals. In other words, given a countable inﬁnite regular space X with
topology τ , we wonder whether there exists a bijection f : X →Q such that the topology τ ∨ f −1(σ ) is discrete, where σ
is the topology of the rationals. If such a bijection exists, we say that X is transversal to Q.
We show in Theorem 4.2 below that there exists a unique, up to a homeomorphism, countable inﬁnite regular space X
which is not transversal to Q. This is the convergent sequence S = {0} ∪ {1/n: n ∈N+}.
Theorem 4.2. Let X be a countable inﬁnite regular space. Then X is transversal to Q if and only if X is not homeomorphic to the
convergent sequence S.
Proof. Suppose that f : S →Q is a bijection, and let p = f (0). Take arbitrary open neighborhoods U of 0 in S and V of p
in Q, respectively. Clearly, the complement S \ U is ﬁnite, while the sets V and f −1(V ) are inﬁnite. Hence the intersection
U ∩ f −1(V ) is also inﬁnite and the point 0 ∈ S is not isolated in τS ∨ f −1(σ ), where τS and σ are the topologies of S
and Q, respectively. So the spaces S and Q are not transversal. In fact, we proved that S is not transversal to any space
without isolated points.
Let X be a countable inﬁnite regular space not homeomorphic to S . Notice that X is zero-dimensional. We consider two
cases.
Case 1. X is not compact. According to Proposition 4.1, X admits a continuous bijection ϕ : X →Q. Hence the topology τ
of X is ﬁner than the topology ϕ−1(σ ), where σ is the topology of Q. Since Q contains an inﬁnite closed discrete subset,
it follows from [6, Proposition 2.2] that Q is self-transversal, i.e., there exists a bijection f of Q onto itself such that
σ ∨ f −1(σ ) is the discrete topology. Hence τ ∨ h−1(σ ) ⊇ ϕ−1(σ ) ∨ h−1(σ ) is the discrete topology on X , where h = f ◦ ϕ .
This proves that the spaces X and Q are transversal.
Case 2. X is compact. Since X and S are not homeomorphic, X contains at least two accumulation points, say, p and q.
Applying the fact that X is zero-dimensional, we can ﬁnd two clopen disjoint sets O p and Oq in X such that p ∈ O p ,
q ∈ Oq , and X = O p ∪ Oq . Put Up = O p \ {p} and Uq = Oq \ {q}. Then the spaces Up and Uq are non-compact, so each of
them is transversal to Q as we have just proved it in Case 1.
Consider the subspace T = Q ∩ ((−∞,0] ∪ [1,∞)) of Q. It is clear that each of the spaces T , T p = Q ∩ (−∞,0), and
Tq = Q ∩ (1,∞) is homeomorphic to Q. Therefore, there exist bijections f p :Up → T p and fq :Uq → Tq witnessing that
Up and Uq are transversal to Q. Let f : X → T be a mapping deﬁned by f (p) = 1, f (q) = 0, f (x) = f p(x) if x ∈ Up , and
f (x) = fq(x) if x ∈ Uq . Then f is a bijection of X onto T and it follows from the choice of f p , fq , and the deﬁnition of f
that the topology τ ∨ f −1(σT ) is discrete, where σT is the topology of T . Since T and Q are homeomorphic, we conclude
that X and Q are transversal. 
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